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ÔÀÊÒÎÐ�ÌÀÒÐÎÈÄÅ ÏÐÎÑÒÎÃÎ ÃÐÀÔÀ 1

c© Ñ.Â. Êîëüöîâà

Êëþ÷åâûå ñëîâà: ìàòðîèä; ôàêòîð-ìàòðîèä; áàçà ôàêòîð-ìàòðîèä.
Àííîòàöèÿ: Â ðàáîòå ïðèâîäèòñÿ îïèñàíèå áàç ìèíèìàëüíîãî âåñà ôàêòîð-ìàòðîèäà ïðîñòûõ ãðàôîâ.

Äàí ýôôåêòèâíûé àëãîðèòì íàõîæäåíèÿ òàêèõ áàç.

Ìàòðîèä [1] M � ýòî ïàðà (E, I), ãäå E � êîíå÷íîå ìíîæåñòâî, I � ñåìåéñòâî åãî ïîäìíîæåñòâ,
óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì:

1) ïóñòîå ìíîæåñòâî âõîäèò â I;
2) åñëè A ⊂ B è B âõîäèò â I, òî A âõîäèò â I;
3) åñëè A è B ñîäåðæàòñÿ â I è êîëè÷åñòâî ýëåìåíòîâ â A íà åäèíèöó áîëüøå êîëè÷åñòâà

ýëåìåíòîâ â B, òî ñóùåñòâóåò ýëåìåíò a ∈ A\B òàêîé, ÷òî B ∪ {a} ñîäåðæèòñÿ â I.
Ïîäìíîæåñòâà èç I íàçûâàþòñÿ íåçàâèñèìûìè. Ìàêñèìàëüíûå (ïî âêëþ÷åíèþ) íåçàâèñèìûå

ïîäìíîæåñòâà íàçûâàþòñÿ áàçàìè ìàòðîèäà, à ìèíèìàëüíûå çàâèñèìûå (íå ÿâëÿþùèåñÿ íåçàâè-
ñèìûìè) ïîäìíîæåñòâà íàçûâàþòñÿ öèêëàìè. Âñå áàçû èìåþò îäíî è òî æå êîëè÷åñòâî ýëåìåíòîâ.
Ýòî ÷èñëî íàçûâàåòñÿ ðàíãîì ìàòðîèäà.

Ïðèìåð 1: ìàòðè÷íûé ìàòðîèä. Ïóñòü A � ìàòðèöà ðàçìåðîâ n×m íàä ïîëåì F . Îïðåäåëèì
ìàòðîèä MF (A) ñëåäóþùèì îáðàçîì. Ìíîæåñòâî E ñîñòîèò èç ñòðîê ìàòðèöû A. Ýòî � ñîâîêóï-
íîñòü n âåêòîðîâ â Fm. Ìíîæåñòâî I ñîñòîèò èç ëèíåéíî íåçàâèñèìûõ ñîâîêóïíîñòåé ñòðîê. Ðàíã
ìàòðîèäà ñîâïàäàåò ñ ðàíãîì ìàòðèöû.

Ïðèìåð 2: öèêëè÷åñêèé ìàòðîèä ãðàôà. Ýëåìåíòàìè ìàòðîèäà ÿâëÿþòñÿ ð¼áðà ãðàôà. Íåçà-
âèñèìûìè ïîäìíîæåñòâàìè � íàáîðû ð¼áåð ëåñîâ (ïîäãðàôîâ, íå ñîäåðæàùèõ öèêëîâ), áàçàìè �
ð¼áðà îñòîâíûõ ëåñîâ, öèêëàìè � ð¼áðà ïðîñòûõ öèêëîâ ãðàôà. Ðàíã ìàòðîèäà ðàâåí n − k, ãäå
k � ÷èñëî êîìïîíåíò ñâÿçíîñòè ãðàôà.

Ðàññìàòðèâàåìûå äàëåå ãðàôû ñ÷èòàåì êîíå÷íûìè, íåîðèåíòèðîâàííûìè, áåç ïåòåëü, êðàò-
íûõ ð¼áåð è èçîëèðîâàííûõ âåðøèí. Ïóñòü ãðàô G èìååò n âåðøèí.

Ïóñòü A � ìàòðèöà èíöèäåíòíîñòè ãðàôà G. Ðàññìîòðèì ìàòðè÷íûé ìàòðîèä MF (A).
Åñëè F � ïîëå èç äâóõ ýëåìåíòîâ, òî ìàòðîèä MF (A) èçîìîðôåí öèêëè÷åñêîìó ìàòðîèäó

ãðàôà G.
Åñëè F = R, òî MF (A) íàçûâàåòñÿ ôàêòîð-ìàòðîèäîì ãðàôà G. Çàìåòèì, ÷òî äëÿ äâóäîëüíîãî

ãðàôà îáà ìàòðîèäà ñîâïàäàþò.
Â [2] ìû äàëè îïèñàíèå áàç ôàêòîð-ìàòðîèäîâ. Íàïîìíèì îñíîâíîé ðåçóëüòàò.
Ðàçîáü¼ì ãðàôû íà 3 êëàññà: (1) íå èìåþùèå äâóäîëüíûõ êîìïîíåíò ñâÿçíîñòè; (2) èìåþùèå

òîëüêî äâóäîëüíûå êîìïîíåíòû, ò. å. äâóäîëüíûå ãðàôû; (3) èìåþùèå äâóäîëüíûå è íå äâóäîëü-
íûå êîìïîíåíòû.

Ãðàôû êëàññà (3) ìîæíî ïðåäñòàâèòü êàê äèçúþíêòíûå îáúåäèíåíèÿ ãðàôîâ êëàññîâ (1) è
(2).

Ò å î ð å ì à 1. Áàçû ôàêòîð-ìàòðîèäîâ ãðàôîâ êëàññà (1) ïðåäñòàâëÿþò ñîáîé íàáîð ð¼-
áåð îñòîâíûõ ïîäãðàôîâ, ÿâëÿþùèõñÿ äèçúþíêòíûìè îáúåäèíåíèÿìè óíèöèêëè÷åñêèõ ãðàôîâ ñ

1Ðàáîòà ïîääåðæàíà ãðàíòàìè: íàó÷íîé ïðîãðàììîé "Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû" ÐÍÏ
2.1.1/1474 è Òåìïëàíîì 1.5.07.
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íå÷¼òíûìè öèêëàìè. Ðàíã òàêèõ ôàêòîð-ìàòðîèäîâ ðàâåí n. Áàçû ôàêòîð-ìàòðîèäîâ ãðàôîâ
êëàññà (2) ñîâïàäàþò ñ áàçàìè öèêëè÷åñêèõ ìàòðîèäîâ ãðàôîâ, ò. å. ÿâëÿþòñÿ îñòîâíûìè ëåñà-
ìè. Ðàíã òàêèõ ôàêòîð-ìàòðîèäîâ ðàâåí n−k, ãäå k� ÷èñëî êîìïîíåíò. Áàçû ôàêòîð-ìàòðîèäîâ
ãðàôîâ êëàññà (3) ïðåäñòàâëÿþò ñîáîé îáúåäèíåíèÿ áàç êîìïîíåíò ñâÿçíîñòè ãðàôà, óêàçàííûõ
âûøå. Ðàíã òàêèõ ôàêòîð-ìàòðîèäîâ ðàâåí n −m, ãäå m � ÷èñëî äâóäîëüíûõ êîìïîíåíò ñâÿç-
íîñòè.

Íà áàçå ýòîé òåîðåìû ëåãêî äàòü îïèñàíèå öèêëîâ ôàêòîð-ìàòðîèäîâ.
Äëÿ ýòîãî ââåä¼ì ïîíÿòèå áèöèêëà ãðàôà. Áèöèêë � ýòî ïîäãðàô, ÿâëÿþùèéñÿ ïîäðàçáèåíèåì

îäíîãî èõ ãðàôîâ.

Ðèñ. 1.

Áèöèêë íàçûâàåòñÿ íå÷åòíûì, åñëè îáà åãî öèêëà íå÷åòíûå.
Ñ ë å ä ñ ò â è å. Öèêëàìè ôàêòîð-ìàòðîèäà ÿâëÿþòñÿ ïðîñòûå ÷åòíûå öèêëû è íå÷åòíûå

áèöèêëû.
Ïóñòü w � âåùåñòâåííàÿ ôóíêöèÿ íà E. Äëÿ ëþáîãî ïîäìíîæåñòâà X ⊂ E îïðåäåëèì åãî âåñ

ôîðìóëîé:
w(X) =

∑

x∈X

w(x)

Ç à ä à ÷ à. Íàéòè áàçó íàèìåíüøåãî âåñà ôàêòîð-ìàòðîèäà.
Ýòó çàäà÷ó ðåøàåò ñëåäóþùèé àëãîðèòì. Íà êàæäîì øàãå àëãîðèòì âûáèðàåò îäíî ðåáðî e,

÷òîáû âûïîëíÿëèñü ñëåäóþùèå òðè óñëîâèÿ:
1) Âåñ ðåáðà e � îäèí èç íàèìåíüøèõ;
2) Ðåáðî e íå ñîâïàäàåò íè ñ îäíèì èç ïðåäâàðèòåëüíî âûáðàííûõ ðåáåð;
3) Âûáîð e íå ïðèâîäèò ê ôîðìèðîâàíèþ ÷¼òíîãî öèêëà èëè íå÷¼òíîãî áèöèêëà íè ñ êàêèì

íàáîðîì ïðåäâàðèòåëüíî âûáðàííûõ ðåáåð;
4) Ïðîöåññ îñòàíàâëèâàåòñÿ, åñëè â äàëüíåéøåì ðåáðà íå ìîãóò áûòü âûáðàíû òàê, ÷òîáû

óäîâëåòâîðÿëèñü îãðàíè÷åíèÿ 1), 2) è 3).
Òîãäà ìíîæåñòâî âûáðàííûõ ð¼áåð ÿâëÿåòñÿ ìíîæåñòâîì ð¼áåð íåêîòîðîé áàçû ìèíèìàëüíîãî

âåñà.
Îáîñíîâàíèå ïðèâåä¼ííîãî àëãîðèòìà îïèðàåòñÿ íà ñëåäóþùóþ èçâåñòíóþ òåîðåìó.
Ò å î ð å ì à 2. Ïóñòü I � íåêîòîðûé íàáîð ïîäìíîæåñòâ êîíå÷íîãî ìíîæåñòâà E. Òîãäà

(E, I) ÿâëÿåòñÿ ìàòðîèäîì òîãäà è òîëüêî òîãäà, êîãäà I óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ∅ ∈ I,
2) Åñëè I ∈ I, I ′ ⊂ I, òî I ′ ∈ I,
3) Äëÿ ïðîèçâîëüíîé âåñîâîé ôóíêöèè w : E → R, æàäíûé àëãîðèòì ñòðîèò ìàêñèìàëüíûé

ýëåìåíò èç I ìàêñèìàëüíîãî âåñà.
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Abstract: The article deals with description of minimal weight bases of the factor-matroid for simple graphs.
An e�ective algorithm for �nding such bases is derived.

Keywords: matroid; factor-matroid; base of factor-matroid.
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COMPUTER ALGEBRA STUDY OF SYMMETRIES IN DISCRETE DYNAMICAL
SYSTEMS

c© V. V. Kornyak

Keywords: discrete dynamical system; symmetry group; quantization.
Abstract: Symmetries in discrete dynamical systems are investigated due to a computer algebra.

Discrete dynamical systems � deterministic systems, mesoscopic models in statistical mechanics
and local quantum models � on lattices are studied by computer algebra and computational group
theory methods. Non-trivial connections between symmetries and the system dynamics have been
revealed. In particular, we show that formation of moving soliton-like structures � analogs of �spaceships�
in cellular automata and �generalized coherent states� in quantum physics � is typical for deterministic
dynamical systems with non-trivial symmetry group. We study also gauge invariance in discrete systems
and its connection with quantization.

Àííîòàöèÿ: Èññëåäóþòñÿ ñèììåòðèè â äèñêðåòíûõ äèíàìè÷åñêèõ ñèñòåìàõ ñ ïîìîùüþ ñðåäñòâ êîì-
ïüþòåðíîé àëãåáðû.

Êëþ÷åâûå ñëîâà: äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû; ãðóïïà ñèììåòðèé; êâàíòîâàíèå; êîìïüþòåðíàÿ
àëãåáðà.
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